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Differential Equation 2

* First & Second Order diff Equation

* Exact and Differential equations

* Non-exact Differential equations

* Different rules to solve Non-exact differential equations

* Homogeneous & Non Homogeneous Differential Equation

(Operator method)



* EXACT DIFFERENTIAL EQUATION

An exact differential equation is formed by directly differentiating its primitive (solution)
without any other process

Mdx + Ndy = 0
oM ON
is said to be an exact differential equation if it satisfies the following condition oy " ox
oM : : : : . ON
where — denotes the differential co-efficient of A with respect to y keeping x constant and ,
NS o o Ox

Fa o J L] " S T

Method for Solving Exact Differential Equations
Step L. Integrate M w.r.t. x keeping y constant
Step II. Integrate w.r.t. y, only those terms of N which do not contain x.

Step II1. Result of I + Result of II = Constant.
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* EX1 Solve:
5x* + 3% = 2x°) dx + @y = 3xH =5y dy =0

Solution. Here, M = 5x* + 3x%* — 2x)°, N =2xy - 3x%* - 5)°
oM ON
oy = 6x’y — 6x)°, F ¥ 6x*y — 6x)°
oM  ON
Since, — = ——, the given equation is exact.
ay Ox

Now IM dx + I(terms of N 1is not containing x)dy = C
J'(Sx4 +3x2y* —2x)° )dx+ I—5y4dy =C
— PPy =C
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"EX2 Solve: {23(?)/(:08362 —2xy+1}abc+{sinx2 —x? +3}dy =0

AR & 7 S

Solution. Here we have
{2xycosx2 —2xy+l}dx+{sinx2 — x? +3}dy =0

Mdx+Ndy= 0
Comparing (1) and (2), we get

M= 2xy cos x* —2xy + 1 = aa_ﬂj=2xcosx2—2x
. ON
N=sinx*-x*+3 = a=2xcosx2—2x
OM  ON
Here, E=a

So the given differential equation is exact differential equation.

IM dx +I (terms of N not containing x) dy =C

Yy as const

Hence solution 1s
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I (2xyc0s x° —2xy+1)dx+_f3dy - C
I[y(2xcosx2)—y(2x)+l] dx+3jdy _C

yIZxcos xzdx—yIZxdx+Ildx+3Iy dy=C

x’=1t sothat 2xdx =dt
2

yjcostdt—Zy%+x+3y:C

ysint—-x2y+x+3y=C
ysinx?—yx2+x +3y=C



 EXERCISE Solve the following equations

10.

11.

2 2

X+y—10)dc+ (x—y—2)dy =0 Ans.%+xy—10x—y7—2y=c
3
G =xDdx +2xydy=0 Ans.x?=xy2+C
(1+3ex/y)dx+3ex/y [1—3]@ —0 (R.GPV, Bhopal, Winter 2010) Ans. x + 3y &% = C
Y

2
Rx—y)dx=(x-y)dy Ans. xy = x* +y7+C
(y sec® x + sec x tan x) dx + (tan x + 2y) dy =0 Ans. ytanx +sec x +y*=C

(ax +hy + @) dx+ (hx +by + )dy =0 Ans.ax>+2hxy + by*+2gx + 2y + C=0
5

=20+ Y dx - 2x*y —4xy’ +siny) dy =0 Ans. x?—xzy2 +xy4 +cosy =C
Qxy+e&)de+ (*+xe)dy =0 Ans. ¥’y + x¢’ = C
(2 + 2ye™) dy + 2xy + 2y%™) dx = 0 Ans. ¥’y +1y? e® =C

X

[y[l+l]+cosy}dx+(x+logx—x siny)dy =0 (M.D.U, 2010)
Ans.y (x +logx)+xcosy =C
o =30 de+ (= 3xy) dy = 0, (0) = 1 Ans. x* — 6xHy* +y* =1



* Non-Exact Diff Equation: Equation Reducible to Exact Differential Eqn

Sometimes a differential equation which is not exact may become so, on multiplication by a
suitable function known as the integrating factor.

oM ON
ox , [0
Rule 1. If Y; 1s a function of x alone, say f (x), then I F.=¢
. gy Polve xlogx—xy)dy+2ydx=0
Solution. M =2y, N =2xlogx—xy
oM ON 2
—=2, —=2(1+logx)-y —ydx+(210gx—y)aﬁ/:0
Oy Ox X
oM ON )
q oy Ox 2-2-2logx+y —-(2logx-y) 1 I—ydx‘Fj—ydy:c
CIC, = = == f(x) X
N 2xlog x — xy x (2log x—y) X
_1 _ 1
LF.= ejf(x)dx = e'[ S o108 — glogx™ _ o1 _ 1 2ylogx __y2 =C
X 2
1
On multiplying the given differential equation (1) by <o we get !




* EXERCISE

Solve the following differential equations:

1

2.

3

. Wlogy)dx+ (x-logy)dy =0

1 5 1, 1 2
+—y +—=x" |dx+—{1+y" )]xdy =0
[}’ 3)’ 5 ] 4( ,V) Y
=2 de—x(1-x))dy=0

. (x sec’y — x* cos y) dy = (tan y — 3x%) dx
. (x=y)dx+2xydy =0
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Ans. 2x logy = ¢ + (log y)?

4 3.4 6
Ans, Z—+5 = 1+ =¢
4 1212

2
Ans. ~Z-x*+X-=¢
X 2

1 .
AnSs. ——tany—x3 +smy=c
X

Ans. 3 = cx — x log x
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* NON EXACT DIFFERENTIAL EQUATION
ON oM
Ox Oy

Rule II. If is a function of y alone, say /' (y), then g _ ef T

"EXL Somve 0+ 2)dx+ (x+ 2 —4x)dy =0

Solution. Here M = y* + 2y; N=xy+2)" - 4x
M _ 4342, ON _ 3 _y
oy Ox
ON _ oM
Ox Oy _(y3—4)—(4y3+2)_—3(y3+2)__g_f(y)
M yh+2y yo© +2) Y

3
I.F. =ejf(y)dy =ej_yab) _ p3logy _ Jlogy _ -3 _ 1

Yy =3
| Y
On multiplying the given equation (1) by y_3 we get the exact differential equation.,

(y+%}dx+[x+2y—4—§]cﬁz =0
y y

2
I[y+y—2]dx+j2yajz=c — x[y+%J+y2=c

y



EXERCISE: Solve the following

2

1. Gx*'+2x) dx+ (2’ =x) dy=0 Ans. x° y2 + ¢
2 4 Y 6
2. (0 + W dx+2069  +x+y)dy=0 Ans. x; +xy2+y?=c
3. 90y + v edy — 0 NSE INSTITUTHs. = +& .
An Institute for CUET (UG/PG), IIT-JAM, in Physics3& Mgthzematics
4. 2xY'e+ 2 +y)de + (A —xy - 3x) dy =0 Ans. x%e” +x7+% =c
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* NON EXACT DIFFERENTIAL EQUATION

Rule III. If A is of the form M =y f1 (xy) and N is of the form N = x fz(xy)
1

Then LF. =

M.x—-N.y
* EX1 Sotvey (xy + 2x5H) dx + x (xy —x*) dy = 0
Solution. y @y + 29 de +x (xy—x3) dy =0

Dividing (1) by xy, we get
y(A+2xp)de +x (1 —-xp)dy=0
M=yf xy), N=xf (xp)
1 1 o
Me-Ny  xp(1+20)-xy(1-x) 3x%y?

LF. =

1
On multiplying (2) by — 5> we have an exact differential equation
y

1 2 1
[3x2y+3deH(3xy ]d)} b= I[3xy 3’*’}

— —L+glogx—llogy=c — —i+2logx—logy=b

3xy 3 3 xy




* EXERCISE

Solve the following differential equations:

x
1. -xH)dx—-(x+xy)dy=0 Ans. 108[;]—’0’:/1
2. y(A+xp)dex +x(1-xy)dy=0 Ans. xylog[%jzcxy—l

1 1 | 3
© 2x2)? +xy_ ogy=c¢

4, (xysinxy+cosxy)ydx+ (xysinxy—cosxy)xdy=0  Ans.y cosxy =cx

2. y(A+x)de+xQ+xy+x3*)dy=0 Ans
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* NON EXACT DIFFERENTIAL EQUATION: RULE IV

If the given equation A dx + N dy = 0 is homogeneous equation and Afx + Ny z 0, then

1
Mx+ Ny san integrating factor.

3, .3
* EX1 Solve i=x Y

2

Xy
Solution. C+y)de— () dy=0
Here M=x+), N = —x)?
LF. = : : :

Mx+Ny  x(*+3)-v2@p)

1 1 1
Multiplying (1) by A we get x—4(x3 +y7)dx +—4(—x,y2)dj/ =0

X

1y : . . . .
= (— + y_4] dx — y_3 dy =0, which is an exact differential equation.
X x

1y’ Y’
—+—|dx=c = logx———=c
I( “] 3’



* EXERCISE

Solve the following differential equations:

1.

X*ydx — (x> +y)dy=0
G’ =30 dx+ Cxly —x3) dy =0

Oty — 2xy%) dx — (x° = 3x*y) dy = 0
G = 2D dx + 2 = x) dy =0
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Ans.

Ans

Ans
Ans

x3

—-——+logy=c
3y3

. X+310gx—210gy =c
X

. £—210gx+310gy=c
)4
A o=
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* SECOND ORDER DIFFERENTIAL EQUATION

13.1 LINEAR DIFFERENTIAL EQUATIONS
If the degree of the dependent variable and all derivatives is one, such differential equations

are called linear differential equations e.g. \] /
\| “ 2 |5\I :;1‘
d’y _dy 2 V d’x dx
1) —=+5=+6y=x"+x+1 2) 2 -—=3x=f(t

13.2 NON LINEAR DIFFERENTIAL EQUATIONS

If the degree of the dependent variable and / or its derivatives are of greater than 1 such
differential equations are called one-linear differential equations.

dx* dx* dx dart dt
The order of a differential equation is the highest order of the derivative involved. All the
above differential equations are of second order.

| 2
2 d* dy d’x) . d
(1) d y+2xy+y2 =sinx  (2) —y+2[—y] +y” =e (3) ( X +—x+x=f(t)

Fourier and Laplace transforms are mathematical tools to solve the differential equations.
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LINEAR DIFFERENTIAL EQUATIONS OF SECOND ORDER WITH
CONSTANT COEFFICIENTS

The general form of the linear differential equation of second order is

d’y _dy
—+P—+
dx’? dx oy =

where P and Q are constants and R is a function of x or constant.
Differential operator. Symbol D stands for the operation of differential i.e.,

d , dy
=, D
by dx drz

]
D stands for the operation of integration.

— stands for the operation of integration twice.

d’y L
27.p & +(Qy = R can be written in the operator form.
dx* dx

D*»+PDy+ Qy=R = (D*+PD+Q)y=R



HOMOGENEOUS & NON-HOMOGENEOUS DE
* DIMENSION OF SPACE OF SOLUTION

A differential equation is said to have dimension & if the differential equation has k&
linearly independent solutions, y., y, ....... Vi

For example; y" —5y'+6y =0 has two dimensional solution ¢, &>

3" —6y" +11y' +6y =0 has three dimensional independent solution e*, e*, >,

NON-HOMOGENEOUS
Consider the differential equation

V'+P(x)y' +0x)y=F(x) (1)
(1) is said to be non-homogencous if R H.S. of (1) i.e., F(x)#0

HOMOGENEOUS
When F(x)=0

Then (1) is said to be complementary homogencous linear differential equation of (1).
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e How to obtain Soln

Complete Solution = Complementary Function + Particular Integral.

N y=CF.+PI

METHOD FOR FINDING THE COMPLEMENTARY FUNCTION

(1) In finding the complementary function, R.H.S. of the given equation is replaced by zero.
(2) Lety = C, e be the C.F. of

d’ d
J2/+P y+Qy:O e

dx dx

2

d
Putting the values of y, % and d—{ in (1) then Clemx (m*+ Pm+ Q) =0
X X

= m* + Pm + Q = 0. It is called Auxiliary equation.
(3) Solve the auxiliary equation :
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* Solution of quadratic egn

Case I : Roots, Real and Different. If m, and m,, are the roots, then the C.F. is

y=Ce™ +C,e™*
Case 11 : Roots, Real and Equal. If both the roots are m., m then the C.F. is
y=(C,+C,yx)e™”

Case III: Roots Imaginary. If the roots are o +if3, then the solution will be
y=C (@ riP)x +C2e(°°_i[3)x = eax.[Clein + Cze_iﬁx:
= €™[C,(cosPx +isinPx) + C, (cos Bx —isin Px)]

e [(C; +C,)cosPx+i(C, —C,)sinPx] = e**[A4 cos Px+ B sin Px]

NSE INSTITUTE
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2
Sy Y isy=0
de’  dx

* Example

. Solve

Solution. Given equation can be written as
(D*-8D+15)y=0

Here auxiliary equation is m* — 8m + 15 =0

= m-3)m-5=0

Hence, the required solution is
— 3x Sx
: y=C e " +Ce
o d d
Example g e ;’_ 9 19y=0
dx dx

Solution. Given equation can be written as
D?*-6D+9)y=0
AE. ism*—6m+9=0 = (m-3)Y=0
Hence, the required solution is
y=(C +Cx) e



* Exampl8, The general solution of the differential equation

5 3
d y_zgzo is given by

CbCS
5 3
Solution. Here, we have d f _d Y =)
a  dx
or Dy-Dy=0 = D’ -D)y=0 = DD'-1Dy=0
AE. ism’m*-1)=0 = m=0,0,0 1,-1

Here the solution is

y=(C, +Cyx+Cyx*) +Cye™ +Cse™
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2
* EX Somve: dy+4ﬁ+5y 0, y=2and &y d’szhenx 0.
dx dx dx dx
Solution. Here the auxihary equation 1s
m+4m+5=0

Its roots are -2 +;
The complementary function is

y= e > (4 cos x + B sin x) (1)
On putting y =2 and x = 0 in (1), we get

2=4

On putting 4 = 2 in (1), we have

y= e > [2 cos x + B sin x] ..(2)
On differentiating (2), we get

% = e **[-2sin x + Bcosx]—2e **[2cos x + Bsin x]
by

=e ¥ [(- 2B-2) sin x + (B - 4) cos x]

d? oy .
d_;}:e 2 [(-2B—-2)cosx—(B—4)sinx]—2¢ > [(- 2B - 2) sin x + (B — 4) cos x]
X

=¢ > [(- 4B+ 6) cos x + (3B + 8) sin x]
dy dzy
dc
e > [(-2B -2) sin x + (B —4) cos x] = e & [(- 4B + 6) cos x + (3B + 8) sin x]
On putting x = 0, we get
B-4=-4B+6 = B=2
(2) becomes, y=e*[2cosx+2sinx] = y=2e*[sinx + cos x]

But



* EXERCISE: Solve the following differential equation

92 3 o0 Ans. C e+ C e™2. d2y+dy—3oy=o Ans. y=Ce™+Ce™
T’ dx Y= - d*  dx $ I 2
d*y .
3. E_S%+16'y=0 Ans.y=(C1+C2x)e4
d2
4. d—+uy 0 Ans. y =C, cospx +C, sinpx
X
5. (D*+2D+2)y=0, y(0)=0, y(0)=1 Ans.y=e¢ sinx (AMILE.TE., June 2006)
3 2
6. Z——22—+4ny 8y =0 Ans.y=Clezx+C20052x+C3sin2x
X X
d*y . d%y
7. d——32d—2+256 0 AMIETE., Dec. 2004) Ans. y= (C, +x) cos 4x + (C? + C*) sin 4x
X

d*y d3y d’y _dy

g —2 421872 g 14y -0 Ans.y=¢"[(C,+C x)cosx+(C,+C, x)sinx]

&t A et dx

23



* Rules to find the particular Integral

1 ax ax .
[) ——e =——e If /' (a) = 0, then the above rule fails.
D7D @ /
Then 1 eaxzx-Leaxzx 1 e = Leaxz . ,1 ~
S(D) S (D) f'(a) S (D) Sf'(a)
' _ ; ax _ 2 1 ax
If f'(a)=0 then f(D)e x f”(a)e
d’y _d 3
e EX Solve - —=+6—+4+9y =5e *
dc? dx Y
Solution. (D? + 6D + 9)y = 5¢*

Auxiliary equationis m* +6m+9=0 = (m+3)°=0 = m=-73, -3,
CF=(C +Cx e

1 3y e3x Se3x
Pl = Se* =5 > =
D*+6D+9 3)“+6(3)+9 36
—3x 5€3x
The complete solution is y=(C,+C,x)e" + /
36 NSE INSTITUTE
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*Rulell 1~
oo X = X .
/(D)

Expand [f (D)]™' by the Binomial theorem in ascending powers of D as far as the result of

operation on x” is zero.

m=-3 -3

e Rule lll 12 sinax = sina.;c 12 -COS ax = :
S(D7) S(=a") S(D7) f(=a”)
e Rule IV 1 —
f(D) T o(x)= f(D+a)-¢(x)
—3x
*EX  Some (D2+6D+9)y=5—
Lox (m + 3)? =
Solution AE.is m* + 6m +9=0 CF.=(C, _|_ C.x) e—3x
1 e 5. 1
PI = =e
D?+6D+9 x° (D-3)*+6(D-3)+9 x°

Hence, the solution is y = (C, +C,x)e " +

2_6D+9+6D—-18+9 x°

e—3xx—1 —3x

] — e—3x

2 (1)

2 2x

25



" EX Solve : (D*—4D +4) y = x> ™
Solution. (D’ —4D + 4) y = x> e~

AE ism* -4m+4=0 = @m-2°’=0 = m=22
C.F.=(C1+C2x)e2x

1 3 2x _ 2x 1 3
PL = — x -e“ =e 5 X
D —-4D+4 (D+2)y -4(D+2)+4
2 1 3 2 | x* _ 2x X
=" —x = . —| — |=eT  —
D’ D\ 4 20

5
X X X
The complete solutionis y =(C; +C x)e” +e’ 0
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2
=X Solve d——2d—y+y xe” sin x
dx’ dx

~a

Solution. The given equation is (D* — 2D + 1) y = xe* sin x
AE ism*-2m+1=0 ~m=1,1
CF. =(C +Cx) e
1 . . 1 . 1 . 1
D17 e’ xsinx=e TYSER xXsinx = g* Fxsmx — ¥
Integrating by parts

e’ : [x(—cos x) j( cos x) dx] * 1( COS X + Sin x)
D D

PI =

= exj(—xcosx +sinx)dx = e* {—xsinx+j1.sinxdx —COS x}
= ¢* [~ x sin x — cos x — COS X] =—¢" (xsin x + 2 cos x)
Hence, the complete solution is
y=(C,+Cx) e —e" (xsinx+2 cos x).

Ixsinxdx

Ans.



* EXERCISE

1. D°-5D+6)y=¢"sinx Ans. y= Cezx+C2e3x+—(3cosx-|—smx)

10
d2 dy 2x 5x 2x
2. ——7 +10y =e**sinx Ans. y =Cie”* +Cye (3cosx —sin x)
dx*  dx
d3y dy 5 . xe® .
3. —2—=—+4y=e"cosx Ans. y=Cie " +e*(C,cosx+C,sinx)+—(3sin x —cosx)

dx’
4. (D* — 4D + 3) y = 2xe™ + 3> cos 2x

Ans. y =C,e* +C,e™* +%e3x (x* —x) + % e>* (sin 2x — cos 2x)

i y+2d—y+y_ ©
dx* dx x*

Ans.y=(C +C x)e” —e" logx
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